Conditions for the freezing phenomena of geometric measure of quantum discord for 
arbitrary two-qubit X states under non-dissipative dephasing noises 
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We study the dynamics of geometric measure of quantum discord (GMQD) under the influences 
of two local phase damping noises. Consider the two qubits initially in arbitrary X states, we find 
the necessary and sufficient conditions for which GMQD are unaffected for a finite period. It is 
further shown that such results also hold for the non-Markovian dephasing process. 
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Quantum discord has received a lot of attentions due 
to its potential to serve as an important resource in 
the deterministic quantum computation with one pure 
qubit(DQCl)|l|; 0|- It indicates that unentangled states 
may process quantumness which can be exploited in cer- 
tain types of quantum information processing tasks. The 
are several versions of quantum discord. The first defi- 
nition of quantum discord is introduced by Ollivier and 
Zurek [3|and, independently, by Henderson and Vedral 
[J|. The quantum discord of a composite system AB is 
defined by Da = min Y^PiS {pB\i) + S (pa) - S (pab), 

where S (pab) ~ Tr (pab log2 Pab) is the von Neumann 
entropy and the minimum is taken over all positive op- 
erator valued measures (POVMs) {Ef^ on the subsys- 
tem A with Pi = Tr (^E^pab) being the probability 
of the i-th outcome and pg^i = TrA [E^ pab) /Pi be- 
ing the conditional state of subsystem B. The mini- 
mum can also be taken over the von Neumann measure- 
ments. Below we term this definition as measurement 
based quantum discord. Because of the minimization 
taken over all possible POVM, or von Neumann mea- 
surements, is is generally difficult to calculate measure- 
ment based discord. In order to overcome this diffi- 
culty geometric measure of quantum discord (GMQD) 
has been introduced by Dakic et al @. GMQD is de- 
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zero-discord states and \\X — Y\\ — Tr {X — Y) is the 
square norm in the Hilbert-Schmidt space. The subscript 
A denotes that the measurement is taken on the system 
A. Especially, Dakic et al [g| show that the GMQD is 
related to the fidelity of remote state preparation which 
provides an operational meaning to GMQD. 

Because of the unavoidable interaction between a 
quantum system and its environment, another interesting 
area of investigation of the discord is its behaviour under 
different noisy environments |7H13|. It has been shown 
that quantum discord is more robust than entanglement 
for both Markovian and non-Markovian dissipative pro- 
cesses. In particular, the discord of a sort of Bell-diagonal 



states subject to a phase damping noises was shown to 
exhibit a freezing phenomenon, [10|i.e., the quantum dis- 
cord can be completely unaffected by decoherence for a 
finite period of time. Lang and Caves |13| provide a 
complete geometric picture for the frozen-discord phe- 
nomenon. The freezing phenomena have been found to 
be a robust feature of a class of models in the presence 
of non-dissipative decoherence [III, [I3 [l3|- The model 
of Mazzola et al has also been extended to local non- 
Markovian case [13 ■ The experimental demonstration of 
this phenomenon have been reported b y X u et al. |14| 
with optical systems and Auccaise et al [1^ using NMR. 
However, previous works mainly focused on the measure- 
ment based discord and thus restricted to some special 
cases such as Bell-diagonal states. It has been shown 
that the quantum discord and GMQD do not necess arily 
imply the same ordering of two-qubit X-states [l8l-t21|. 
More recently, Girolami and Adesso [2^ and indepen- 
dently Batle et al. [2^ provided a numerical evidences, 
from which one can infer that there exist other states 
violating the states ordering with quantum discords. It 
is thus worth investigating the freezing phenomena with 
GMQD. In this paper we consider the two qubits ini- 
tially in arbitrary X-states in the presence of local de- 
phasing noises, we derive the conditions for the freezing 
phenomenon in terms of GMQD. We also consider the 
non-Markovian dephasing case and find that our results 
also hold for the non-Markovian dephasing process. The 
fact that, under certain conditions, GMQD remain un- 
changed by the phase damping noise for some period of 
time may have potential applications in future quantum 
information tasks. 

Before describing the main results of this paper, let us 
briefly review the method to compute GMQD. An arbi- 
trary two-qubit state can be written in Bloch represen- 
tation: 
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where Xi — Trp{ai® I) ,yi = Trp{I ® Ui) are compo- 



nents of the local Bloch vectors, ai,i G {1,2,3} are the 
three Pauli matrices, and Rij = Trp(ai ® Uj) are com- 
ponents of the correlation tensor. For two-qubit case, 
the zero-discord state is of the form x = Pi I'/'i) (V'll ® 
Pi +P2 IV'2) ("021 <8)/32, where (IV'i) , 1-02)} is a single-qubit 
orthonormal basis. Then a analytic expression of the 
GMQD is given by Q 
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where x = {xi, X2,X3) 
of matrix K = xx^ 4 
defined by 



and fcniax is the largest eigenvalue 
REF . By introducing a matric TZ 
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and 3x4 matric TV through deleting the first row of TZ. 
Then the analytical expression of GMQD can be further 
rewritten as |24| 
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where A^ is the singular values of TV . In the following 
discussions we use Eq.(4) to calculate GMQD. Suppose 
the initially state is prepared in arbitrary two-qubit X- 
states with the general form 



Px = 
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where we have chosen the computational basis 
{|00) ,|01) ,|10) ,|11)}. Eq.(5) is a 7-real parameter state 
with three real parameters along the main diagonal and 
two complex parameters at off-diagonal positions. A 
remarkable aspect of the X-states is that the initial X 
structure is preserved during the decoherence process, 
thus, it is convenient to get analytical result. At present, 
there are no general analytical expressions to compute 
measurement-based quantum discord. To get analytical 
results generally, we use GMQD to quantify the quantum 
correlation contained in the X-states and our results are 
summarized as the following theorem: 

Theorem: Gonsider arbitrary X-states defined in 
Eq.(5), with each qubit being subject to the local phase 
damping noises. The necessary and sufficient conditions 
for the freezing phenomena of GMQD satisfies: 
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Proof. First we notice that the X-states defined in 
Eq.(5) can be rewritten in the Bloch representation with 
the correlation matrix R is given by 
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P22 - P33 + Pii 
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and X = (0, 0, pn + P22 - P33 - Pa) ■ Thus the GMQD 
can be calculated according to Eq.(4) which is given by 
Di (P) = H^? + ^2 + A^ - max{A?, Ai, A2}), where 



A? 
A^ 

Ai 



= 4 {piiPii + P23P32) + 8^pi4P4iP23P32 
= 4 {piiPii + P23P32) - Sy^piiPiiP23P32 
= 2 (pii - P33) + {p22 - PiiY 
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We suppose the X-states is subject to two local Marko- 
vian phase damping noises which is given via its Kraus 
representation as 9 (p) = EipE\ + E2PEI, with Ei = 

(1|). The parameter 



f(|0)(0| 
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VI ~pl, and E2 
p range from to 1 . The phase damping noises will affect 
the off-diagonal elements while the diagonal elements re- 
main unchanged. In order to derive the necessary and 
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sufficient conditions for when GMQD are unaffected for 
a finite period it suffices to consider two cases: 

Gase 1. If P14P23 < 0, then A2 > A^, in order to exhibit 
a freezing phenomenon, we have Xf = 0. and 
ThusD^(p) = iA2. 

Gase 2. If pi4p23 > 0, in this case, we have Af > A2, 
it is directly to see that the condition of GMQD remain 
unaffected is given by A2 = and A^ > A|. 

Gombined with these two conditions, the theorem is 
proved. ■ 

In order to show the application of our theorem we 

consider a subclass of two qubit X-states given by 
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where we choose the Bloch vectors are z directional with 
r = (0, 0, r),s = (0, 0, s). According to Eq.(6), the condi- 
tion becomes c^ = 0, c| > r^ -I- Cg or c| = 0, cf > r'^ + c\ 
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FIG. 1: (Color online). The geometry of the set of valid 
states satisfied Eq.(6) with different r and s, repectively. 
(a)r=s=0,(b)r=0.4,s=0.1 
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FIG. 2: (Color online). The dynamics of GMQD of Bell- 
diagonal states interacting with non-Markovian dephasing 
channels, where we have chosen a = 0, C2 = 0.35, ca — 
0.1,!^ — ^ with T = 2.5s, with a= ls~^ . 



which reduce to the results presented in Ref.[25|. For 
fixed parameters r and s, the above inequalities becomes 
a two-parameter set, whose geometry can be depicted. 
Combined with the positively condition of the eigenval- 
ues of the density matrix x we can depicted the possible 
region of the mixed state. In Fig.l we plot the physical 
region with different r and s, respectively. If r = s = 0, 
the mixed state reduces to the two qubit Bell-diagonal 
states. 

Further we find that our results also holds for the non- 
Markovian dephasing process. The reason is that the di- 
agonal elements of the X-states remain unchanged in the 
non-Markovian case, thus the proof does not altered. For 
concreteness, let us consider Bell-diagonal state pab = 

\ ( ^AB + X) '^i'^f'^f I subject to the non-Markovian 
model presented by DafFer et al (2y|, where a^ de- 



note the Pauli operators in direction i acting on A(B). 
It is shown that the map has a Kraus decomposition 
EAp^k, with A, 



0,Ak = 
e^'^ cos [pv) 
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where A (y) 



A M/2/, 

(4aT)^ - I, zy = ^ is the 



0,^4 = yi 

dimensionless time, i = 1,2,3 denote the direction of 
noise, and j and fc denotes the directions in which there 
is no noise. By changing the direction of the noise we 
can get a colored noise bit flip, bit-phase flip or phase 
flip channel, respectively. This process is non-Markovian 
according to the measure of non-Markovianity of Ref. [23| ■ 
Using the above Kraus decomposition we obtain the 
parameters of Ci of the Bell-diagonal states evolve as: 
c-i (i) = C3, ci (i) = ciA {v) , ci {€) ~ c^k {y) , where we 
have chosen the phase flip channel(which means i = 3) 
case and similar results can be found for bit flip and bit 
phase flip channel. For fixed Ci we plot the dynamic be- 
havior of GMQD in Fig. 2. It is shown that the frozen 
phenomenon appear two times in contrast to Markovian 
case where the frozen phenomenon appears only one time. 

In summary, we have investigate the dynamics of 
GMQD for X-states under the local dephasing noises. We 
derive the necessary and sufficient conditions for freez- 
ing phenomenon in terms of GMQD. We also consider 
the non-Markovian dephasing case and find that our re- 
sults can also be applied to the non-Markovian dephasing 
process. An open question is whether there exist other 
class of mixed state exhibit the frozen phenomenon. The 
future study involve exploring potential applications to 
exploit the class of initial states exhibiting frozen phe- 
nomenon in future quantum information tasks without 
any disturbance from the noisy environment. 
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Note added. After completing this manuscript, we be- 
came aware of an interesting related works by Bo You 
and Li-Xiang Cen [23| recently. 
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